FUNCTIONALS OF r-DIMENSIONAL MANIFOLDS
ADMITTING CONTINUOUS GROUPS OF
POINT TRANSFORMATIONS*

BY
ARISTOTLE D. MICHALfY

1. Introduction. The study of integral invariants was initiated by H.
Poincaré in connection with some important problems in dynamics in his
memorable prize memoir} on the three-body problem. S. Lie§ showed that the
subject of integral invariants is closely connected with his theories of
differential invariants of continuous groups of transformations. More
recently Goursat and Cartan in taking up the subject from Poincaré’s
point of view have made important contributions; and in their respective
books Legons sur le Probléme de Pfaff and Legons sur les Invariants Intégraux
they have connected their results with the Pfaffian problem and its generali-
zations.

A multiple integral extended over an r-dimensional manifold in # dimen-
sions depends for its value on the r-dimensional manifold and its sense,||
and in general on the parametric representation of the manifold. If one
fixes the sense of the manifold and if the multiple integral remains invariant
in value for an arbitrary change of parameters, then the multiple integral
will depend only on the r-dimensional manifold for its value. In other words,
such a multiple integral is a functional of r-dimensional manifolds; and hence
Poincaré’s and Cartan’s integral invariants are additive functional invariants.
Taking cognizance of this point of view, one naturally inquires as to the

* Presented to the Society under a somewhat different title on January 1, 1926, except the results
of §2 which were presented to the Society on March 1, 1924. This paper was received by the editors
in September, 1926.

t National Research Fellow in Mathematics.

1 Acta Mathematica, vol. 12 (1890). For a more complete exposition see his M éthodes Nouvelles
de la Mécanique Céleste, vol. I11.

§ Die Theorie der Integralinvarianten ist ein Corollar der Theorie der Differentialinvarianten,
Berichte der Sichsischen Gesellschaft der Wissenschaften, 1897, pp. 342-357.

|| Cf. Philip Franklin, Multiple integrals in n-space, Annals of Mathematics, (2), vol. 24 (1922~
1923), pp. 213-226. See also Georges Giraud, Le probléme de Dirichlet généralisé, Annales de I'Ecole
Normale Supérieure, January, 1926.

€ We note here that some of Lie’s work on integral invariants (especially with respect to infinite
continuous groups) has reference to such an invariance. Such types of integral invariants are also
found in works on tensor analysis. Cf. Weitzenbock, Invariantentheorie, chapter XIV; and E.
Noether, Gottinger Nachrichten, 1918.
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FUNCTIONALS WITH GROUPS OF TRANSFORMATIONS 613

possibility of considering invariant functionals which are not necessarily
additive. This paper is concerned with such generalizations of the Poincaré and
Cartan integral invariant.

In the first part of the paper we consider first functionals of closed plane
curves that have a normal variation and that admit a one-parameter group
of the plane. It is found that such invariant functionals are solutions of
functional equations with functional derivatives. To get explicit solutions
of our problems we assume our functionals to be expansible in a series each
term of which is a repeated area integral. It is easy to extend this reasoning
to the case of corresponding expansions of functionals of closed (n—1)-
dimensional manifolds in #» dimensions; but the case of functionals of closed
space curves requires special considerations. The problem reduces to the
solution of a functional equation with functional fluxes. I then indicate
briefly what type of functional expansions could be used to solve the
equations.

In the second part of the paper certain tensors that depend on ¢ points
in space are discussed. Then we consider the invariant theory, under one-
parameter groups, of functionals 7, having the form of an i-tuply repeated
r-dimensional integral* (see expression (5.4)). In this part of the paper we
do not restrict the invariance with respect to closed manifolds only, exception
being taken of § 11. In generalizing Goursat’s notion of integral invariants
attached to the trajectories of a system of differential equations, we are led
to a generalization of Cartan’s complete integral invariant. One of the most
interesting theorems of the paper is that of § 12, which shows the impossi-
bility in general of stepping from a generalized Poincaré integral invariant
to a generalized Cartan complete integral invariant.

At the end of the paper certain results are given on functional invariants
of s-parameter groups. I propose to make a more complete study of func-
tional invariants of s-parameter groups elsewhere.

There are a number of problems that one may well consider in studying
the functional invariants of this paper. For example, the generalization of
the Pfaffian problem by means of non-additive functionals offers such a possi-
bility. Itis my intention to consider such problems in other papers.

Throughout the whole paper we shall assume without statement, or with
slight statement, the necessary continuity, differentiability, analyticity and

* It is only a matter of calculation to show that the invariant theory of the functional Y ¢—ol;
is merely the invariant theory of the representative term. This can be shown by considering an
obvious generalization of the lemma of §2. For the sake of brevity we make our calculations only for
a representative term I;.
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uniformity properties of our functions in a certain finite region A in which
we shall work.

Part I

2. Invariant functionals of closed plane curves.* We consider a one-
parameter continuous group of transformations defined by the system
of differential equations

dx dy
2.1) - = —— =dr.
§M) (M)

In (2.1) M denotes a point in the plane and = denotes the parameter of
the group. We shall assume without any further statement that the functions
£ and 7 are real analytic functions of # and vy in a certain domain A. We
further assume that § and 5 remain finite in A and do not vanish simulta-
neously in A.

Let ®[C] be a continuous functional of closed plane curves possessing
a normal functional derivative &, [C/M ], taken at a point M on C, uniformly
continuous in C and M. We assume in this paragraph that we are dealing
with such functionals &[C] which have a variation of the form

(2.2) 8®[C] = fc &, [C/M]on(M)ds.

(In (2.2) én(M) stands for the variation of the normal to C at the point
M on C and ds is the element of arc length of C. We shall make the convention
that the outer direction of the normal is positive.

We proceed to prove a lemma which we shall find useful in our subsequent
discussion.

LemMA. If F[C] is a functional of closed curves possessing a development

® q .
(2.3) F[C] = f@ + Z,—'ff- --ff(*)(Ml,Mz, .+, M)dodos - - -do,
=1 ]- cva T
(%)

(o 4s the area within C and do), is the element of area at a point My) with

]f(i)(MlyM% te ,Mi)l <K

* The analysis given in this paragraph can be extended easily to the case of corresponding in-
variant problems of functionals of closed (z—1)-dimensional manifolds in # dimensions. For an
abstract of most of the results of §2 see the Proceedings of the National Academy of Sciences, vol. 11
(1925), pp. 98-101.
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and fO(My, Me, - - -, M;) symmetric* and continuous in all its i arguments
M, to M ;, then a necessary and sufficient condition that
(2.4) Flc] =0

Sor all closed curves is that

(2-5) f(O) = O) f(i)(Ml,M% T ’Ml') =0 (i = 1’2’3) o ')'
Since the normal functional derivatives of all orders of (2.3) exist and

are continuous, it follows from the hypothesis (2.4) that all the functional

derivatives of F[C] must vanish. Letting ¢ shrink indefinitely, we get as a

necessary consequence
f@ =o.

Taking the first functional derivative of (2.4) at the point M, and letting
o shrink indefinitely we get

fo(My) = 0.

On following such a process of functional differentiations followed by
letting ¢ shrink indefinitely, we find

fOM,Mq, -+~ M) =0 (1=1,2,3,---).

A necessary and sufficient condition that a functional ®[C] admit the
group (2.1) is that its variation vanish identically in virtue of (2.1). Since
along the path curves of (2.1) we have

(2.6) (M) = [£(M) cos (x,n) + n(M) cos (y,n)]dr,

this condition becomes
@0 [ Ic/MIEH) cos (2, + 1) cos (5,m)]ds = 0
c

for all closed curves C.
We can write equation (2.7) in the equivalent form

(2.8) @, [C/M] = A[C/M]
where A[C/M] is a given arbitrary functional satisfying the functional
equation

2.9) fc A[C/ MY [EM) cos (x,m) + n(M) cos (3,m)] ds = 0.

* This is no essential restriction, as by a process of symmetrization we can put the functional in
such a form.
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The integrability conditions* for the functional equation (2.8) can be
stated in terms of the notion of an adjoint functional as follows.

A necessary and sufficient condition that (2.8) be integrable is that
84 [C/M] be a self-adjoint functional of 8. We may proceed now and show
that there always exists an infinitude of functionals 4 [C/M] that satisfy
(2.9) and satisfy the integrability conditions for (2.8) identically. Hence
there would always be solutions for a Cauchy problem for (2.8). Instead of
following such a general argument, however, we shall assume an explicit
expansion for ®[C] and impose the conditions that such a ®[C] satisfy
the equation (2.7).

Assume then that we are considering functionals ®[C] developable in
an expansion

=1
(2.10) ¢© 4 Z__f f . 'f¢("(M1,Mz, o, M)daodoy - - - do,
4 [ 4 (‘.) 4

=1 2!

where ¢ (M1, My, - - -, M;) is symmetric in all the ¢ points M, to M; and
possesses continuous first partial derivatives, and

|¢(i) l < K.
We shall demonstrate the following theorem.

TBEOREM 1. A necessary and sufficient condition that a functional ®[C]
possessing a development (2.10) admit the group of transformations defined
by (2.1) is that each ¢P (M, - - -, M) satisfy the corresponding partial
differential equation

i 3¢ My, - - - M) p (M, - - M
@.11) ¥ {s(M,-) Sl + ) 22200 )
=1 9x; dy;
At(M ; an(M;
+¢<">(M1,---,M.-)[ sty | ol )]}=o.
ax; ay,'

To prove this theorem we make use of the evident relations

d
fu(M) cos (x,n)ds = f—i—‘da,
c «0x

a
fv(M) cos (y,n)ds = f—zda.
[+ cay

* Cf. G. C. Evans, The Cambridge Colloquium, pp. 20-23.

(2.12)
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By a direct calculation* we have

&, [C/M] = ¢ (M)

f f fd)(""l)(M Ml, L ,M;)dd’ldﬁz s ddp
.-1 3! ¢ () Yo

Hence condition (2.7) becomes

L “f f f[ P+ (M Ml, o MOEM)

(st1) .
9o V(M My, - - - ,M;)n(M)]
dy

(2.13)

(2.14)

do doydoy + + - dog =

for all closed curves C. v
On symmetrizing the integrands without changing the values of the
integrations and on renaming the subscripts, condition (2.14) becomes

1 il f j: @ j.:[ =1 { aE(M,)d,(‘)(Ml’ M)

an(Mi)¢(i)(M1’ et ’M‘)}]dd do. = 0
1 ; =0,
9y

Hence by our lemma, a necessary and sufficient condition that (2.15)
hold is that}

(2.16) E[

j=1

(2.15)
+

aE(Mi)¢“)(M1, v ’Mo') + a"(Mi)¢(i)(Mly tt yMi) ] =0
9z 9y
(1=1,2,---).

Our theorem therefore follows readily.

From the form of the equations (2.11) it is clear that if ¢(M,, - - -, My)
is a solution then y(M,, - - -, M,) is also a solution, where M, - - - , M, is
any permutation of My, - - -, M;. Hence there always exist symmetric
functions of M, - - - , M; that satisfy equation (2.11). Thus there always
exist functionals of closed plane curves of form (2.10) admitting a given
arbitrary continuous one-parameter group of transformations (2.1).

* Functional differentiations and integrations term by term are valid since the series involved
are uniformlyt convergent.
t We note hat this condition affirms the invariance of each term of (2.10).
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We shall prove the following theorem which will give information as to
the most general functional invariant of type (2.10).

THEOREM 2. If

(2.17) 3[C] = @ +E > ff f¢o("(M1, v, M)doy - - - do;
i=1 1. o (9)

is a functional admitting the group of transformations (2.1) and if I10(M,,

-, M) is the most general symmetric function of My, - - - , M ; which admits
the ith cogrediently extended group of transformations (2.1), then the most general
functional of type (2.10) admitting the group of transformations (2.1) can be
written as

2[C] = doo

ff fI(l)(Ml, e ,M‘.)¢0(i) (Ml, e ,M.-)dd‘l .- - doyg
0-1 1 o (%) L4

(% being an arbitrary constant).

(2.18)

Let ¢y (M., - - -, M,) be the representative integrand in the most general
functional invariant; then by our hypothesis the following equations are

satisfied:
3o E(M;) om(M;
Z[z(M e ) :y 4,,,«){ f;x.)+ ";y')}]=o,
(2.19) "“ (’) y ’ !
* VAR (M ; (M ;
E[E(M)L—+n(M,)l——+¢"{ i )+ ut )}]=o.
jm1 9x; ay; dx; 9y

Hence it follows that Y /¢, is an invariant function of the sth cogredi-
ently extended group (2.1). Conversely, one can verify readily that if
¥ /¢ is an invariant then the functions ¢ will form an invariant func-
tional. The theorem follows therefore readily.

In order to get necessary and sufficient conditions for the invariance of
a functional derivative we shall need to study the invariance of functionals
®[C/M] depending in particular on a point* M on the curve.

We assume that the variation of a functional ®[C/M] has the form

ad|C/M ad|C/M
e/, | oolc/m,
dx dy

(2.20) s@fc/M] = ®,! [/ M, My )on(M,)ds,.
c

* The point M of course being itself subject to the groups of transformations (2.1).
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A necessary and sufficient condition that a functional ®[C/M] with a
variation of the form (2.20) admit the group of transformations (2.1) is
that ®[C/M] satisfy the functional equation

a@[C/M]E(M) + acp[i/yM] an

(2.21)
+ f@ﬂ: [C/M,M1][£(M1) cos (x1,11) + n(M,) cos (y;,nl)]dsl = 0.
(4

For an explicit solution of our problem we assume &[C/M ] to be develop-
able in an expansion

elc/u] = ¢<°>(M)

ff f¢m(M My, -, M)doy- - - do,,
‘-1 t' '(t)

where ¢®(M, M,, - - -, M) is symmetric in the points M, Ms, - - - , M;;
possesses continuous first partial derivatives; and

|¢(i)| < K.

(2.22)

On going through a similar analysis to the one used in deriving conditions
for the invariance of a functional ®[C] of type (2.10) the truth of the
following theorem can be verified.

THEOREM 3. A necessary and sufficient condition that a functional ®[C/M}
possessing a development (2.22) admit the group of iransformations defined by
(2.1) is that each ¢ (M, M,, - - -, M;) satisfy the corresponding partial
differential equation

06 D(M My, - - M DM, My, -+ M
s 2 (M, M, ) + 2002 WL, M !
dx dy
i a<">M,M,~~,M 3(;)MM,...,M
(2.23) + E[s(M,-) oM, M, ) oy (. J
(M (M
+ e(M M. - - M){ E; i) ’1( i) }]=0(i=0,1,2,"')-
%; ¥i

On comparing the conditions for the invariance of a functional ®[C]
of type (2.10) and its normal functional derivatives* ®/ [C/M ] we find that
the following conditions have to be imposed on the group (2.1):

* Such a functional will have the form (2.22) in which all the integrands will be symmetric func-
tions of all their point arguments.
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7]
¢(M) + m(M)
dox dy

(2.24) 0.

Hence a necessary and sufficient condition that the normal functional
derivative ®, [C/M] of afunctional ®[C] with a development (2.10) which
admits the group (2.1) be itself invariant of (2.1) is that the group (2.1)
be area preserving.

3. Invariant functionals of closed space curves. The theory given in the
preceding paragraph, although directly extensible to functionals of closed
surfaces in space, is not amenable to a discussion of functionals of closed
curves in space. We shall see, however, that the invariant theory of a certain
large class of functionals of closed space curves involves the invariant theory
of functionals of closed plane curves as a special case.

Let F![C/t], Fy [C/t], F![C/t] be the functional derivatives along the
x, y and z directions respectively of a functional F[C] of closed space curves
C. These functional derivatives are taken at a point M on the curve C
having ¢ as the corresponding value of the parameter that defines the po-
sition of a point on the curve.

We shall deal with functionals whose variation* is given by

(3.1 oF[C] = f {F1[C/t]ox(t) + F, [C/tloy()) + F![C/t)62(s) } dt.

From the well known identity
(3.2) Fldx+ F/dy +Fl/dz =0
that holds along the curves C, Volterra deduced the existence of a functional
quantity V (called the flux of the functional F[C] by Paul Lévy) with com-

ponents V., V,, V..
In terms of the functional flux V,} the variation (3.1) takes the form

dx dy dz
3.3) éF[C] = f ox 8y oz
‘lv. v, v,
Consider a one-parameter group of transformations
dx dy dz

. = = =dr
(349 (00 - aan | caD

* Cf. Volterra, Acta Mathematica, vol. 12, pp. 237-244. See also Evans, The Cambridge
Colloquium, Part I, pp. 8-12, and Hadamard, Le¢ons sur le Calcul des Variations, pp. 286-287.
t It is easy to see that the functional flux is essentially an alternating covariant tensor.
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A necessary and sufficient condition that a functional F[C] of closed
space curves admit a one-parameter group (3.4) is that its functional flux
V satisfy the functional equation

dx dy dz
(3.5) [le 2 ¢ |=0

c

Ve Vy V.

We note that in the special case in which the curves C are plane, we can
take the xy plane as that of the curves C. Then if we take one-parameter
groups (2.1) in that plane, we are led immediately to the functional equation
2.7).

To get an explicit solution of the functional equation (3.5) we can assume
that our functional F[C] is of the form

> 1
(3.6) ¢o + Z Hf f . fd),.l,,,. .o n;(Ml,Mg, st ,M;)do’ldd'z < dd,-.
=1 7. g Vo 4
()

In (3.6), ¢o is a constant;;

¢».(M1) = le,(Ml) cos (x1,m1) + Wu.(Ml) cos (y1,m1)
+ ¥4, (M) cos (21,m1),
Gnin(M1,M3) = Y. 2,(M1, M) cos (x1,n1) * cos (x2,72)

+ V2w, (M1, M3) cos (x1,m1) * cos (yz,ms)

3.7 + ¥z.,(M1, M3) cos (x1,71) * cos (22, m2)
+ Yy, 2s(M1, M2)cos (y1,71) * cos (x2,n2)
+ Yyua(M1, M) cos (y1,71) * cos (yz,72)
+ ¥y,s(M1, M) cos (y1,m) * cos (22,72)
+ Ve, z,(M1, M) cos (21,m1) * cos (x2,73)
+ Vewa(M1, M2)cos (31,m1) * cos (y2,%2)
+ ¥aie(M1, M) cos (21,m1) * cos (22,m2)

............................

Furthermore, o is the area of a surface capping the closed curve C.
The functional (3.6) will depend only on the closed curve C if*

* Cf. Cornelia Fabri, Sopra alcune proprietd generali delle funsioni che dipendono da altre funsioni
¢ da linee, Atti della Reale Accademia delle Scienze di Torino, vol. 25, pp. 671.
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a‘pzl a¢ 1 a¢’!
+——+—=0,
dxy 9y1 92,

wth a'pzw, a¢31's
dxs + Oyz + 922

= ()’
(3.8)
ad/ﬂl’s + a‘hm + a¢ﬂl‘i
E2 9y, 929
w‘lzl a‘#‘x 2 a‘l/lxlz
+——"4 =0,
dx2 9y2 929

...........

’

In (3.6) we have assumed, without any loss of generality, that
Voo (M1,M3) = ¥2,2,(M2, M),
VM1, Ms) = ¢y,4,(M2, M),
Voo (M1, M3) = Y0 (M2, M),
(3.9 Vouo(M1,M2) = Yy,2,(M2, M),
Vou(M1, M) = Yy, (M2, M),
Vo M1, M3) = ¥.,0,(M2, M),

We are now in a position to solve the functional equation (3.5) by methods
analogous to those given in § 2. The detailed derivation of conditions
corresponding to (2.11) entails lengthy calculations. It is here that the
tensor analysis enters most appropriately. In fact for functionals* of closed
r-dimensional manifolds in # dimensions, tensor considerations are a practical
necessity.

Part II

4. Tensors whose components depend on ¢ points. In most textbooks
and papers dealing with tensor analysis a tensor is defined as a set of
quantities having the following transformation lawf under an arbitrary

* Cf. §11, Part II of this paper.
t From now on a repetition of a Greek letter index in a term will indicate summation from 1 ton
unless otherwise stated.
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analytic coordinate transformation (x) to () with non-vanishing jacobian:

9x° 6x¢ dx¥ 9z 9% oz

9z 9z¢ 0% 9t 9av  Omr

(4.1 TE@) =T =)

Each component of the tensor T in (4.1) is assumed in general to be a point
function. More recently Paul Dienes* has studied tensors whose components
depend also on a curve in connection with the non-integrable cases of Levi-
Civita’s equations of infinitesimal parallelism. More generally, there are
tensors whose components depend also on r-dimensional manifolds in »
dimensions. Such for example is the case in the flux{ of a non-additive
functional of closed 7-dimensional manifolds in #» dimensions. Such a flux
is essentially a covariant tensor of rank r+1 whose components are func-
tionals of the closed r-dimensional manifolds depending on a variable point
on the manifold.

In the functional invariant theories which I propose to develop now, there
occur expressions whose components are functions of ¢ points of the same
n-dimensional space. Let (x, x2, - - -, z*) be the coérdinates of a point
M in a coordinate system x of an #-dimensional space. Consider an analytic
transformation of coérdinates x to Z with non-vanishing jacobian. A set of
quantities

4.2) TE e (M, My, e, M)

cBy -8, s

whose law of transformation under the ith cogrediently extended group of
analytic transformations is

(4.3) TLplplIE (M My, - M)

b,¢c---4d,

dxf 0xf Oxg axs

Yome  ozp amF  93d
6x} axj‘ O:i:l" ail" 6:17:3’ a.’t:
Izt L™ 9xd LEN ox? ox7’

* Paul Dienes, Sur la structure mathématique du calcul tensoriel, Journal de Mathématiques,
1924,

t Volterra’s work on functionals of r-dimensional manifolds can be considerably simplified
and enriched by such a tensor point of view. I hope to take up this study in later papers.
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will be termed a multiple tensor*. We shall speak of the covariant or contra-
variant rank of such a multiple tensor with respect to each point M;. For
example, the multiple tensor (4.2) with respect to the point M, is covariant
with a rank equal to the number of indices v to § and contravariant with a
rank equal to the number of indices 8 to .

It is clear from our definition of a multiple tensor that most of the laws
of the ordinary tensor algebra can be extended to our case. For example,
we shall find useful the following three properties:

(I) If all the components of a multiple tensor vanish identically in a
particular codrdinate system, they vanish identically in every codrdinate
system.

(II) If the relation

Tajeyeeeevrpevtpieee davoenma,eoempeero(Myy o0y My, <oy My, -+ -, My)
(4.4) = Tayeocgee neeoprreeerpevtpueeamgee oMy =\ May o+ - My, -+ -, M)
holds in one cosrdinate system, it holds in every codrdinate system.

(III) If a multiple tensor T is alternating separately in each set of sub-
scripts @, - - -B,to v, - - -o, in one codrdinate system, it is in every codrdinate
system.

Certain multiple tensors will appear frequently in our work, so to escape

digression in the coming paragraphs it will be advantageous to discuss them
presently. We define the four sets of quantities

Rapyoarseee sty ooneemsaieeoi(My <oy My, -+, M),
Ropooopreeesagenaf(My,y -+, M),
Say-pgorse s pgnreeesaseemicdMay <oy My, <+, M),
S ot vragai(Myy oo M)

in terms of a contravariant vector X“(M) and a multiple tensor
Td...op o vraive-oi(M,, -+, M) in the following manner:

Rapypsoyeee st~ -ppogos o vaigi- - pioiM1, =+ o) M, -+, M)

OTapse v, -ty -oon.msaseooes O Tayssvensss oy oo
dxe dx 2k

L aT"l‘"'1"“:“):31:‘"Pkwo"'-ﬂi""‘

ET ’

* It is obvious that such a multiple tensor can be considered as a particular tensor (in the ordin-
ary sense) in an associated manifold of 7 » dimensions with respect to a certain special group of trans-
formations. Such a point of view, however, is not convenient for our paper.
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(k)
Rayoecorsenmraser e (M, -+ oy M)

@
= X(k)Ral"'VI-""ak""l“’

4.5) o
Sc:"-mln--.ak---ﬂk‘.”-.a.'---p.'n(Ml’ ] Mk’ ) M.')
w"‘
= X(k)*01'"me--.ak'--pw.---.«.'"'P-'.‘(Mli ) M;,, ] M.'),

(k)
Sareagseeerage oMy, =+, MY
_ asal...,l,...,ak...p,‘-,...,a'....,.. BSal...,l,..._,,,‘,g,‘....,,k,...,a‘...,‘
dxik dx 2k
Sy - ags e s apg® e e voy
EF

(k=1,2,---,4).

In (4.5) we have written X i, as a convenient notation for X“(M).

If the multiple tensor Ta,...,,,....ai...0; is alternating separately in
each of the ¢ sets of subscripts - - -0, to @;- - - o; and if it satisfies symmetry
relations of type (4.4) then the four sets of quantities defined in (4.5) are
multiple tensors with corresponding alternating and symmetry relations.
This statement follows from a direct calculation of the law of transformation
of these four sets of quantities from the known transformation law of the
multiple tensor T and the contravariant vector X. Furthermore, we note
that the symbol % in Sa...o, . .ap.--pps. - -.ai- - o; Can be considered as
on equal footing with the subscripts a, to p, with respect to the alternating
character of S.

5. Functionals involving multiple covariant tensors. Let

(5.1) ®f = filuy,ug, - -+, u,) (i=1,2, - -, n)

be the equations of an r-dimensional manifold S, and D, the image of S, on
the space of the parameters ». As we shall have to deal with functions of
several points in space we shall use the notation

(5.2) xé = fi(ur,ure, - - -, %)

to mean the codrdinates of a point M of the manifold S.,.
Let

dx 2

(5.3) dimzg = Sthim (P, l=1,2,-,i;m=1,2,-++ .71

Uim
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and in the case of a one-dimensional manifold we shall write

ax2

%Uy

51xp = 3141.

Consider the following functional of an r-dimensional manifold S,:

(5.4) f . f s corsadseosse e saipse o ei(M 1, Mo,
D, D,

D, (©)]

<y M)ouxfbieafs - o ¢ 81,20 001%2% ¢ ¢ ¢ 8gp %% ¢ ¢ - S X B - - - Sl

In (5.4) the multiple tensor T,...s,,....a...s, is assumed to be alter-
nating in each sef of variables o ---p, to a,---p,. Thus the value of (5.4)
does not depend on any particular choice of the parameters # but is indeed
only dependent on an r-dimensional manifold S,. We shall assume also,
‘without any loss of gemerality*, that the multiple covariant tensor
Tap...o,o-,ai-- .0 Satisfies the symmetry relation of type (4.4). For
brevity in writing, we shall sometimes use the notation

®
(5.5) T(3)éx
D,
for a functional of type (5.4).

6. Some preliminary material. In # dimensions we consider the one-

parameter continuous group of transformations defined by
dx

(6.1) — = X¥) G=1,2,---,n).

In (6.1) we assume that the components of the vector X* are analytic
functions of their arguments in a certain finite region in which we shall work.

Unless otherwise stated, a total differentiation with respect to the para-
meter 7 will denote differentiation along the path curves of the group (6.1).
Clearly, if the parameters # in (5.4) are taken to be independent of the group
parameter 7, we shall have the following system of equations :}

* Since the domain of integration D, is the same in each of the 7 integrations, it follows that the
functional can be put in such a form without altering its value.

1 Equations (6.2) form a system which is the ith cogrediently extended variational equations of
Poincaré connected with the system of equations (6.1).
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d(B;,,.x,;') _ X (p)*

Oimxf
dr dxf ined
(6.2)
d(alx:)__aX(P).ax,P (pl_lz . e i,m= 1,2, .- ')
dr Ixf 1 ) 149 » B ' e

where we have written X §, for X" (M,).
If Ag...op.. .., a;-r-0f(My, - - -, M) is a multiple covariant tensor, we
deduce, in virtue of (6.1), the following relations:

oMy M) Mana oMy -, MO
dr axf o

where v is summed from 1 to 7.

7. Invariant functionals of one-dimensional manifolds. The functional
identities that arise in the invariant theory of functionals of type (5.4) for
r=1 (one-dimensional manifolds) require a separate treatment from those
that arise in the cases # >1. In fact the discussion of the case »=1 has to be
given in two parts. The reason for this will become evident presently.

Let us consider then quadratic functionals (5.4) of one-dimensional
manifolds S, ; i.e., functionals of type

(7.1) f f Top(My, M3)d122822F .

dA
6.3)

In order that the functional (7.1) admit the group of transformations
(6.1) it is necessary and sufficient that the total derivative of (7.1) with
respect to the parameter = be zero for all one-dimensional manifolds. This
statement is merely the analytic condition for the following geometrical
situation :

Let 7=0 correspond to the position of the one-dimensional manifold S;.
Consider the transform S,(r) of S; by the finite transformations of the group
(6.1). In general, a functional (7.1) extended over the image D;(7) of Si(7)
will depend on the group parameter 7. Since the parameters # are chosen
independent of » we have

) @)
f [T(2)8z], = f [T(2)8z].,
D D

1(r) 1

where [T(2)éx], is the transform of T'(2)dx by the finite transformations of
the group (6.1). The condition
@ @
T(2)6x = [T(2)sx],
D,

D,
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for all values of 7, and that irrespective of the initial one-dimensional
manifold S;, states the invariance of the functional (7.1) with respect to
the one-parameter group defined by (6.1).

Again since the parameter # is chosen independent of 7, the condition
for invariance becomes

u u d
(1.2) [0 [ & @astons, sopiasauss) = o.
ug ug a7

By (6.1), (6.2), (6.3) and by a rearrangement of the umbral symbols
condition (7.2) becomes

u u aTa,p o 0X (‘1') 3X(;)
(7.3) f f X(x) + T-,,g——‘ + Ta_-y 5111"523323 = 0,
o o Axy dx dxqf

where X\ is umbral with range 1 to 2. Since Ta s(M1, Ms) =T (Ms, M),
we see that the parenthesis in (7.3) is also a multiple tensor F, s(M:, M)
having the property

(7.4) Fa,ﬂ(M17M2) '_"'Fﬁ.a(M‘J:Ml)‘
Equation (7.3) is of the form*

(7.5) f f (ty, Us)ot13 = 0
up ug

in which ¢ (., u,) is a symmetric function of %; and .. By a double use of
Leibnitz’ formula, once in differentiating partially with respect to # and
another time with respect to uo, we get

(7.6) ¢(u1,u2) = 0.
Hence a necessary and sufficient condition that (7.3) hold is that

T o g(My, M) ax’
(————" Y X0y + T p(My, Mo)—=
ax Ix~

90X (2

dxf
(N umbral with range 1 to 2)

(7.7) + Ta_-,(Ml,Mz) ) lelsg“xg" =0

for all points M, and M, on any arbitrarily given one-dimensional manifold.
If we momentarily fix our attention on two arbitrarily given points M, and

* For a given set of functions x the form of a one-dimensional manifold is determined but not its
extent. This then means in our problem that for a given set of functions x of the parameter «, the
interval (uo, %) in the one-dimensional u-space is arbitrary since the extent of the manifold S is
arbitrary.
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M,, and consider all one-dimensional manifolds passing through M, and M,,
we see that the infinitesimal displacements 6,2 and §,x# are arbitrary among
themselves and are independent of the «’s, since the direction of the manifold
at M, and M, is arbitrary.

From (7.7) then we have the system of equations

AT 5(My, M,) X/’
(7.8) D T Xy o Ty p (M, M)
E LET
+ Tay(M M)ax(’,,__o
a,y 1y 2 axf

(a,8=1,2,---, n;and A summed from 1 to 2).

We shall rewrite (7.8) in a form which will make evident the covariant
character of (7.8) by making use of the quantities defined in (4.5). We thus
have the conditions
LIS o
(7.9) X [Rep(M1,Ms) + Sap(M1, M) =0 (a,8=1,2,,n).
A=1

. o, (¢V] (2) 1) @ . . .
Since each of the quantities R. 6, Ra 8, S« .8, Sa .6 is a multiple covariant

tensor of rank one in M, and rank one in M, it follows that (7.9) is a multiple
tensor equation covariant of rank one in M, and of rank one in M,.
Thus we have the following theorem:

THEOREM 1. A4 necessary and sufficient condition that the quadratic func-
tional (7.1) admit the one-parameter group (6.1) is that the components of the
multiple tensor T.p satisfy* the tensor equation (7.9).

We turn now to a discussion of the invariance of functionals F;[S;] of
one-dimensional manifolds having the form

(7.10) f f .. f Ta,g_... .,(Ml,Mz, cee ,M..)éle‘ﬁzxf LR 3.‘,._133:_15‘&“
o T S (1>2).
A necessary and sufficient condition that (7.10) admit the group of trans-
formations (6.1) is that
d O}
(7.11) 7 T(2)éx =0

T JD,

for all one-dimensional manifolds S, and hence for all one-dimensional
images D,.

* The existence and character of the solutions of the system of equations (7.9) will be discussed
later. Cf. the discussion for equations (7.17).
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By (6.1), (6.2) and (6.3) and by a rearrangement of the umbral symbols
condition (7.11) becomes

aT,,,... aX(‘;,
a. 12)f f f ( Xoy+Tus..
axl"

X a) axX ()
+"'+Ta.,-~-..u
Ixf ? ’ ox;t

+ Tawy,oven

) d1xPexf - - 8,22 =0
(N umbral with range 1 to £).

Since the multiple tensor T, .. . .,. has the symmetry properties of type
(4.4) it follows that the parenthesis in (7.12) also has the same symmetry
relations. Hence (7.12) is an equation of the form

(7.13) ff f Slun, s, - -, u) Sy S =0 (> 2),
u Yup (9) uo

where ¢ is a symmetric function of all its ¢ arguments.
A sufficient* condition that (7.13) hold is that

(7.14) ¢(“1,u3, Ty, u‘) = 0.
Hence a sufficient condition that (7.12) hold is that

T.. P X q) 3X iy
(7 15) X(X) + Toﬁ,n-,s +"’+Ta,ﬁ."~.0.a
L ax,'
X 81z G,xi Sx,0 =0 (N umbral with range 1 to 3).
Since the direction of the manifold at fixed but arbitrary points M,
M., - - -, M;is arbitrary we must have
aTc.ﬂ. cee e « aX’(;') aX(:)
(7.16) X()‘)+Tw'p,...,. + -4+ T._p,...,o,u =0
ET ax“
(a,8, - ,t=1,2,---, n;and X umbral with range 1 to 7).

We can write condition (7.16) in the form

[
(7.17) L [Rap. . 0ulMi, M, - M) + Sop,. o0, (M1, My, -, M)] =0
- (a’B)"'}"=1’2»""")
in terms of the multiple tensors defined in (4.5).

* It appears that necessary and sufficient conditions for the condition (7.13) are of a complicated
sort.
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Since each R™ and S™ in (7.17) is a multiple tensor covariant of rank
one in each of the points M, My, - - - , M, it follows that (7.17) is a multiple
tensor equation covariant of rank one in each of the points My, M,, - - -, M.

It is known* that by a suitable change of cosrdinate system, say « to Z,
the contravariant vector X of the group (6.1) can be made to have com-
ponents (0, 0, - - -, 0, 1) in the new coérdinate system & In fact, by taking
a transformation of coérdinatest

(7.18) ii = f‘.(x‘,xz’ SR xn) (i = 1’2’ cee, ”)
where
fj(xl’xz’ e, xﬂ):ci (j= 1’2, e ’"_1)

are n—1 functionally independent first integrals of the system of equations
(6.1) and

fn(xl7x27 A} xn) =71+ ¢Ca
is a last integral of (6.1), we see that (6.1) will take the form
ax'  dz? az~1  dzn
(7.19) —=——=~..=___._=_=d1.
0 0 0 1

Consequently in this new canonical codrdinate system &, the tensor
gguations (7.17) state that each component of the multiple tensor
Teas.....(My - - -, M;) must satisfy the partial differential equation

i of(M\, M, -+, M,
(7.20) Z f( 1,412 .) —

A1 L

0.

The following theorem therefore follows readily.

THEOREM 2. A sufficient condition (in the case i=2, both a necessary and
sufficient condition) that a functional of type (7.10) admit the group of trans-
formations (6.1) is that the components of the multiple tensor Ta p,. .. . in the
canonical codrdinate system % be functions of the i cogredient sets of n—1 first
integrals, and of the differences of the cogredient canonical variables T ; i.e.,
T has the form

Ta.ﬁ.---.t(jll’ Ty ilu_lya-:ln_j{)i@l) T :82_1)372” -, -,

* This is merely a statement in the language of tensor algebra of the well known fact that all
one-parameter groups are similar to a one-parameter group of translations.
t Cf. Goursat, Lecons sur le Probléme de Pfaff, §55.
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8. Invariant functionals of 7-dimensional manifolds.* We turn now to
the invariant theory of functionals having the form (5.4). A necessary and
sufficient condition that (5.4) admit the group (6.1) is that along the path
curves of (6.1)
d W

(8.1) — | T@Gex=0
dr Jp,

for all r-dimensional manifolds.

Calculating the condition (8.1) on employing the sth cogrediently
extended group of (6.1) and using the relations (5.3), (6.2) and (6.3) we get
the condition

w

aTalﬂx...’l’az...,,"..-'a'-...,‘ @ a.X(l)

N X o0y F Tty s g

r Dr @ D, ax)."’ axlal
i

0X o X6
+ .. '+ TG]""I"”'G‘.”"‘ ax ‘"‘>
3

(8.2) + - + Tareproreee i e

o
axl‘l
X 011x 28192181 -+ - 81,2171 - - G xf - Sx”f =0

(N umbral with range 1 to 7).

For a given arbitrary set of functions x, equation (8.2) is of the form

(8.3) f f .- O(Uar, %1z, = -+, Uir; Ust, c - ¢, Usy
p, Jo, Jp,

C oy Wir, o, Big) Sy v s Sug =0
for arbitrary images D, in the space of the parameters ». In (8.3) ¢ is
symmetric in the 7 sefs of #’s. Hence by an obvious extension of the funda-
mental lemma of §2, we must have ¢ =0 in the parameters « for any arbitrary
given set of functions x.

By an evident extension of the corresponding argument in the preceding
paragraph it follows that the parenthesis expression in (8.2) must vanish.
Employing the multiple tensors defined in §4, we can write this condition in

the following form:

LIS}
Z[Ralpl...,,,a,...,,,...'......‘,‘(Ml,Mz, -, MY

A=l
N)
(8'4) + Sﬁ(:ﬂl"'ﬂn“:"":v"'.a-‘“'di(MhM‘b ] Mt)] =0

(al)"')6i=172)"')”)'

* In this paragraph the necessary and sufficient conditions will have reference to the cases r>1
andi=1,2,---;ortothecaser=1,i=2.
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The multiple tensor character of equations (8.4) follows from the fact
that each R® and S™ is a multiple tensor.

To demonstrate the existence of solutions for the partial differential
equations (8.4) and to exhibit the character of these solutions, we consider
the tensor equations (8.4) in the codrdinate system Z defined by (7.18). In
this special coérdinate system Z, conditions (8.4) state that each component
of T«,. ceaysaieas(M1, - - -, M;) will have to satisfy the same partial
differential equation (7.20). We can therefore state the following theorem.

THEOREM 3. A necessary and sufficient condition that a functional (5.4)
of r-dimensional manifolds admit the group of transformations (6.1) is that the

components of the multiple tensor T .. o, ... ai...0; 0 the canonical co-
ordinate system & be functions of the i cogredient sets of n—1 first integrals
ze(a=1, -, n—1) and of the differences z,",—Zr(N=2, - - - ,1).

9. Invariant functionals attached to the path curves of a group. Let
A(M) be a real analytic function of #!,#2 - -, 2% Consider the one-
parameter group whose infinitesimal transformations* are

i

dx .
(9.1) —d—=)\(M)X'(M) (=12, -, n).

We lay down the following definition.

DEFINITION.T A functional admitting the infinitesimal transformations
(9.1) for ali functions N(M) will be called an invariant functional attached to
the path curves of the one-parameter group (6.1).

We shall demonstrate the following theorem.

* It is clear that the path curves of the group of transformations (9.1) are the same as those of
(6.1) for any function N(M).

t This definition is a generalization of Goursat’s definition of integral invariants attached to the
trajectories of a system of differential equations (6.1). Cf. Goursat’s Legons sur le Probléme de Pfaff,
pp. 236. It is clear from our definition that an invariant functional attached to the path curves of
group (6.1) can be considered as a functional which is invariant under the system of differential
equations

In other words, then, we are here generalizing certain Cartan invariant theories. For example,
equations (9.2) in differential form are the generalizations of characteristic systems of differential
forms. Cf. Cartan, Le¢ons sur les Invariants Intégraux, Chapter IV.
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THEOREM 1. Necessary and sufficient conditions that a functional of
r-dimensional manifolds (5.4) be an invariant functional attached to the path
curves of a ome-parameter group of transformations (6.1) are that the follow-
ing multiple tensor equations hold :

(a.) Rit)'"'lv"'-ﬂi“"’i(Mlﬁ e, M.) = 0’

(b) Sal...“,l,...,a,‘...,,,‘._..._a’....,‘,‘.(Ml, Tty M],, ttt M.')=0
(ry ---,0i=1,2,-- , m; kN=1,2, -- ,1')

Necessary and sufficient conditions that a functional (5.4) be an invariant
functional attached to the path curves of (6.1) are that conditions (8.4)

hold for all functions N(M) when AN(M)X*(M) is substituted for X" (M)
in (8.4). On rearranging the terms this condition takes the form

(9.2)

: (
SN B oo eadMa, - -+ M)
p=1

S e (M, - MY)]

ONM») N(M)
+ Sapy- - our LIEEER G = SeBr oyt i 0
9.3) 9= 1
' (M)
— - = Oas, * o4 a; axl,,,
ONM) INM)
+ Sa.-.- Ggo v o s B pit ax‘.a.'— T Qayeee g, 0B pi¥ axia{—
ONM )
—'.'-Sa"'lh"'.a.'."'-r.'d;‘ =0
[l 8 Py
Since S...,........ is an alternating multiple tensor separately in the

i sets of subscripts and since N(M) is an arbitrary function, conditions (9.3)
yield the conditions

(
R i edMy, - M)+ S v g (M, o M) =0
(1, ~ - ,00=1,2,--- Mie=1,2 ... ,i)

and conditions (b) of (9.2).
But in virtue of the conditions (b) of (9.2), we have

SE e e(Myy e M) =0
(al’ Tt 08 = 1:2) RRPY (2 1,2, L .i).

The theorem follows therefore readily.
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The multiple tensor equations (9.2) in the canonical cosrdinate system
defined by (7.18) take the simple form

aT.,...,,,...,.,....,i(—M-l, o ,ll_l.')

=0,
9.4) oz
[Tay- 0o aiee oMy -+ - M) ]a =
(aly ceeyey =12, mu= 1,2, .- ’i)’
where [T,,l. ceoyueainnoil( My, - -+, Mi)]a stands for any one of the com-
ponents of the multiple tensor Tajowo .-, ai-..0; In which at least one of

1
the subscripts o, to o; has the value #. Hence we have proved the following
theorem.

THEOREM 2. A mecessary and sufficient condition that a functional (5.4)
of r-dimensional manifolds be an imvariant functional attached to the path
curves of group (6.1) is that the differential form in (5.4) considered in the canoni-
cal codrdinate system (7.18), be expressible only in terms of the icogredient sets
of the n—1 first integrals 22 (a=1, 2, - - - , n—1) and their differentials.

It is interesting to note that the conditions for non-additive functionals
are more stringent than for the additive ones in that the first set of conditions
(9.4) for the additive case (i=1) state that the functional is an integral
invariant of (6.1) while in the case of the non-additive functionals (:>1) a
special invariance is implied.

We shall now give a method by means of which we shall be able to derive
an invariant functional of (r —1)-dimensional manifolds attached to the path
curves of (6.1) from a special invariant functional of r-dimensional manifolds
that is not attached to the path curves of (6.1).

Let

*
9.5) T(i)éx

td

be an invariant functional of r-dimensional manifolds that satisfies the special
conditions

RY el Moy o M)+ S g af(May - M) =0

9.6
( ) (al)""aiz1’2"'°y”;)‘=1’2’°"7i)
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and is not attached to the path curves of (6.1). We shall show™* that the
functional of (r—1)-dimensional manifolds

®
©.7) [ s
Dy
is an invariant functional attached to the path curve of (6.1) when the re-
lation between the T'(z) in (9.7) and the T'(z) in (9.5) is given by
Taye o pyene i oM,y o+ M)

9.8) o v
=Tay-- pyoy,- -+ .ar'-pavi(Ml’ L, M)X m:* " X(i§°

This assertion is proved briefly by observing that in the canonical co-
ordinate Z given by (7.18) the multiple tensor
Tajoeopoomuaseens (M, oy M)
satisfies conditions of the form (9.4).
In the theory of integral invariantst one finds the following theorem :

A necessary and sufficient condition that an integral invariant be an integral
invariant that is attached to the path curves of (6.1) is that its value be identically
zero for all r-dimensional manifolds generated by the path curves of (6.1).

Such a theorem, however, does not go through, in general, for the non-
additive functionals that we have been considering. The necessity part of
the theorem is obviously satisfied. The sufficiency part, however, does not
hold ; for, the identical vanishing of

CEA o0xr o,
. Tay--- o101, sag-o pios My =+ JM)—— -+ - X
P.J P, P, ouyy Ouiq

dx;®¢ dx;:Pé

o e m— e e e

auu au;,,

X:)auu e 5“1«51’1 e Buﬂ e Buiqaf,'

for all r-dimensional manifolds generated by the path curves of (6.1) (with
P, as their images in the %, 7 space) does not necessarily imply conditions (b)
of (9.2). '

10. Some geometrical considerations. In this paragraph we shall give a
geometrical interpretation} of the process given in the preceding paragraph

* This can be shown by long straightforward calculations; Goursat follows such a process in
the special case of integral invariants. We shall give a much shorter proof for the general problem.

t See Goursat, Quelques points de la théorie des invariants intégraux, Journal de Mathématiques,
(7), vol. 1 (1915), pp. 246-247.

t As a special case, of course, we get Goursat’s treatment of integral invariants. Cf. his Le¢ons
sur le Probléme de Pfaff, §62.
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that yielded an attached from a special* invariant functional. The special
invariant functionals have additive properties for certain manifolds; it is
precisely this property which makes it possible to get an attached from a
special invariant functional.
Suppose then
)

(10.1) T(3)ox
Dy

is a special invariant functional. Let W,_, be a manifold of  —1 dimensions
that is not generated by the path curves of the group (6.1). Each point a,
of W,_, is taken contemporaneously, say for r=0 (for the convenience of
exposition we have the kinematical picture in mind). Each point ao of W,
is taken along the path curves of (6.1) and moved up to a point a.., while
r varies from 0 to 7’. The points a,. constitute a manifold W/_,. Let W, be
the manifold generated by the path curves which issue from the points of
W,_, and terminate at the corresponding points of W/, Let P, be the
manifold which is generated by the path curves issuing from the points of
W,_s, the boundary of W,_;, and terminating at the corresponding points of

J_s, the boundary of W/_;. Suppose then the cosrdinates of the points a,
of W,_, expressed as functions of the independent variables ui, us, - - -, %,
so that to each point of W,_; corresponds a point in a domain D,_,(0) of the
u space and conversely. Hence in W, each point will be a function of

W1, Us, - - - , 1, T, and at each point of W, we shall have
dx~
(10.2) '5'—= Xa(M) (a= L2, .- )n)'
T

Our functional (10.1) therefore can be written as

(103) fﬁﬁf&'z' f 81',' f f
0 0 0 Dr—1(ry) Dr-1(7,)

f Tareopueeesmgene s (M,
Dr-1(713)

SRR )L ITE 7il ITE LU PR JLIICIN BT ZL LI FRRY. X

where the multiple tensor T, .. ., ai...p; 18 defined as in (9.8).

R

* By a special invariant functional of r-dimensional manifolds (5.4) we shall understand a
functional that satisfies the special conditions for invariance (9.6).
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In the above expression we have written D,_,(r) to show the dependence
of the domain D,_; on 7(D,_;(0) corresponding to W,_,). The ith derivative of
(10.3) with respect to 7’ at 7/ =0 yields

0]

(10.4) il f T(i)sx.
Dr-1(0)

Let 7* be a continuous function of position of the points of a, of W,_;.
On the path curve issuing from the general point a, of W,_, consider points
a,+ and @, corresponding to the position of the point aoat times 7=7* and
r=71*47 respectively. Thus corresponding to 7=0, 7=7', r=71*, r=1*41'
there are four manifolds W,_,, W/_;, W¥_,, W7'_, whose representative points
are ao, @, Q,», Q,ey, TEspectively. W/_ is the transform of W,_, and W¥_; of
W¥_.. Thus W¥_, and W¥_, are sections of the tube of path curves whose
points are not contemporaneous while those of W,_, and W/_; are contempo-
raneous. Evidently then by varying the function r we get various non-
contemporaneous (r—1)-dimensional sections of the tube of path curves.
The manifold W¥ will be defined as that bounded by W¥_, and W¥_,; and
P%*_,, as the manifold which is constituted of the path curves issuing from
the pointsof W*_,, theboundary of W¥_;, and terminating at the correspond-
ing points of W*_,, the boundary of W¥_,. Furthermore, let w, be the mani-
fold enclosed by W,_;, W ¥_; and the path curvesissuing from W,_» to W% _s;
and w¥, the manifold bounded by W/_;, W¥_; and the path curves issuing
from W/_, to W¥_,. Clearly, the manifold w¥ is the transform of w, by the
group (6.1). We have

(10.5) Wr=W,+ w*— w,.

Employing this relation the following steps in the reasoning are clear
in the case of a special invariant functional of r-dimensional manifolds :

foidoiis Juom Loidor Jui S

S 0 N S0 I N P A
Lo Lo

Repeating this procedure z —1 more times we shall get finally

(10.6) fW', @ fW'. = f' @ fw,.
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. Hence the ith derivative with respect to 7’ for 7’=0 of both sides of
(10.6) must be equal. This then means, by (10.4), that

® ®
(10.7) f T(i)ox = f T(i)sx
Dr-~1(1*) Dr-1(0)
where D,_,(0) corresponds to a given arbitrary contemporaneous section of
the tube of path curves while D,_;(7*) corresponds, in general, to a non-
contemporaneous section. But the function 7* is arbitrary, and therefore,
in virtue of (10.7), the functional of (r —1)-dimensional manifolds
®
(10.8) T(3)8x
Dr-1
has a constant value for all (r—1)-dimensional sections (that are not gener-
ated by the path curves), whether contemporaneous or not, of any given but
arbitrary tube of path curves. But the multiple tensor T in (10.8) is precisely
given by (9.8). Hence we have given a geometrical interpretation of the
method, given in §9, that enabled us to step downf from a special invariant
functional to an invariant functional that is attached to the path curves of
(6.1).

11. Invariant functionals of closed manifolds. The invariant theory of
functionals of closed manifolds can easily be referred to the invariant theory
of functionals of open manifolds. A functional of closed (r—1)-dimensional
manifolds

®
(11.1) [ s
Dr—1
can be thrown into the form of a functional of open 7-dimensional manifolds
*
(11.2) T(i)éx
Dr

by applying Stokes’s theorem ¢ times. Thus by applying our previous theory
to the functional (11.2) we can get necessary and sufficient conditions for
the invariance of (11.1).

We can, however, start with a functional (11.2) of open r-dimensional
manifolds and then impose the condition that it depend only on the bounding
(r—1)-dimensional manifolds. Since Ra,. . .cju,az-- o3+« as- - -asl My Mz, - - -,

t This procedure can be considerably generalized when the totality of path curves of the group
(6.1) are left invariant by known infinitesimal transformations. I propose to take up these considera-
tions elsewhere.
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M) has the skew-symmetric properties discussed in §4, it follows that the
conditions

(11.3) Ra,--- L2 TR 2T TR ,'.(MI,Mz, AR ,M.’) =0

(@1, -+ yo1,w,0, - 00 =1,2, -+ ,n)

are sufficient* to insure the dependence of (11.2) only on the bounding
(r—1)-dimensional manifold.

In order that a functional (11.2) of closed (r —1)-dimensional manifolds
which satisfies conditions (11.3) be an invariant functional attached to the
path curves of (6.1), it is necessary and sufficient that the linear homogeneous
algebraic equations

Tuty- - araye- - ogeee see oM, Mz, -+« \M)X(y =0
(Bl) tet,00 = 1’2) tet 1”)

be satisfied by the multiple tensor Ta,. . .ay, .- - as---as(M1, - - -, MJ).

12. Complete invariant functionals of manifolds. Up to this point we
have been engaged in generalizations of the Poincaré integral invariant. It
is possible however to generalize Cartan’s{ complete integral invariants.
Goursat] has shown how Cartan’s complete integral invariants are bound up
with certain Poincaré integral invariants that are attached to the path curves
of differential equations. As a matter of fact Cartan’s complete integral
invariants are special Poincaré integral invariants attached to the path
curves of the one-parameter group

dxt dx? dx™ dr

(12.1) = L A )
XM X(M) X)) 1

in the space time continuum (x1, 22, - - - , 27, 7). The parameter of the group

(12.1) is ¢ and M is a point of the n-dimensional space (2%, 2, - - - , x7).

Cartan has given a method by means of which one can write down a
complete integral invariant corresponding to every Poincaré integral in-
variant. For example, if

f T.0x

* For functionals of closed curves in three dimensions, cf. Cornelia Fabri, Sopra alcune proprietd
generali delle funzioni che dipendono da altre funzioni e da linee, Atti della Reale Accademia delle
Scienze di Torino, vol. 25, pp. 671.

t Cf. Cartan, Lecons sur les Invariants Intégraux.

} Comptes Rendus, vol. 174 (1922), pp. 1089-1091.
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is an absolute integral invariant of

dxt
(12.2) il X¥(M) (=12, ,n)
T

then
f Tdx2 — ToX%7

is an absolute complete integral invariant.

It is always possible to pass from a Poincaré integral invariant to a
corresponding Cartan complete integral invariant. Such, however, is not,
in general, the state of affairs when one considers non-additive functional
invariants.

In summations it is convenient to replace the variable r by x*+. We
can rewrite (12.1) therefore in the form

’

(12.3) 'E‘ll—=Xa’ (o' = 1,2, --- ,n+1).

In (12.3) the contravariant vector X=’ has components X!(x!, %2, - - -, "),
X2(xt, - -, 27), -+, X"(x}, - - -, 27),1. We shall use primed letters for
indices when the range of the indices is 1,2, ---,#+41; and unprimed,
when the range is 1 to =.

Consider the functional of 7-dimensional manifolds in the space continuum
(x‘) %% - )x”)

®

(12.4) T(3)dx.
D,

Associated with the functional (12.4) we shall define a particular func-
tional of r-dimensional manifolds in the space-time continuum (x, - - -, %",
x"t1) in the following manner.

Let

Rayr oo oytuagt ene aghsene gt e oit (@', - ,08 =1,2, - ,n+1)
be a multiple tensor whose components are given as follows :

Mo opayeee e areeeos= Tayern apag- - onere sasere otr

Aal... LTEREER XS SR N Y (S D P A RN JC e S D R RN (]

Wiy

Wiy “jk
(12.5) = ( -"1 )kTal. Cey FW R, Wi, et age g“X("I)X("’) s X(],‘),

Rayreveoyteen sagr e o = 0,



642 A. D. MICHAL July

whenever two or more subscripts, in any one of the ¢ sets o/ - - - af, - - -2
- - - g/, take on the value n+1.

The stars » indicate undetermined indices which may have any value
from 1 to n.

The functional of 7-dimensional manifolds in the space-time continuum
(xl, 22, .-, xn+l)

(12.6) f f s f Aoy oo apreeen sagre s o001 %FY 0 ¢ 820
r r (‘,) r

is precisely the functional formed by putting
Oimxf — X fimx 2t for dimx2  in (12.4).

By calculation one finds that necessary and sufficient conditions that
(12.6) be a functional attached to the path curves of the one-parameter
group (12.3) are that the equations (9.6) hold. This is verified by employing
conditions (9.2) corresponding to the multiple tensor A and noting that
conditions (b) of (9.2) for Aa, .. .oy, ,ai .. .. are automatically satisfied.
The only conditions on Ta,...s, ... a;...s; are therefore conditions (a) of
(9.2) for Aayr .. .y, - - - as’ - - -ei- But these relations reduce to equations (9.6).

To make the argument clear I shall give the details explicitly in the case
of a quadratic functional of two-dimensional manifolds

dxfr JxPr Oxfr Jx.

(12.7) f f T sy ap(M1, M,) dunduiadusdus,.
o, Jb, Ouir du1z Ouz Ous

We consider the functional

axfl a axln-l-l axlﬂl
f f Tapy aps(M1, M) - X
D, D, Ouyy duyy Ouis

L0x ™ /9 xss @, 022"\ /9 x0P2
(12.8) —an———)( - X )( -

U2 Uz Ouzy Ouse
8s ax2n+l
- X(z) duuduudundun.
20

We can write (12.8) in the form

(12.9) f f A Sat O o O densduend
. By’ vartBy’ u11dur2dus du
9’ SD' e ouyy O0uje aun OUss nEtatintE,
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where
ay _ ay
Aﬂxﬂuad’s = Taxﬁnazﬂn Au+lﬂ,.n+lﬁ, = Ta,ﬂ..a,ﬁ,X(l)X@),
ay a; B
A'H-lﬂx-aaﬂa = - Ta,ﬂ,.a,&,X(l), An+lﬁ|.¢:ﬂ+l = Talﬂhﬂnﬁlx(l)x(;):
b1 81 @
Aapniriassy = = TaprapX s  Aaynitni1s, = Tap et XX 2,
(12. 10) ay 81 Xﬂ:
Ao, nt1p, = — Tap X, Aa; nit,ant1 = Tapras X X @@,
Bs
A"lﬁl-a:ﬂ+1 = - "lﬁndaﬂzx(z)? Aﬂ+l nt+l,ay’8y’ = 0’

Aax'ﬂx' mt+l ntl = 0.

In order that (12.9) be an invariant functional attached to the path
curves of the one-parameter group (12.3) it is necessary and sufficient that

(a) X“I aAallﬁll ,ay'By’ _ aA“IBII ay’By’ _ aAaII“I ,ay’By’ _ 0
@ axl"' axl"l' axlﬂl' !
(b) Xw Awsy.aws = 0.

We have made use of the fact that

(12.11)

Aoy oy (M1, M) = Aaypyr ays (M2, M)

and that A.,, a8, is alternating separately in each of the two sets of B/
and oy, B¢

The conditions (b) of (12.11) are automatically satisfied; for, from (12.10)
we have

«’ ]
X Awpyapy = XmAup, a8, + Ani1p, .08, =0,

(12.12) X Awpntis, = XnAos,nt18, + Ant1p,ntig, = 0,

Since

aAdll ! ay’ By’
(12.13) e e X )

6x1"+1 ’

we can write (a) of (12.11) as

@ (GA.M, sy’ By’ aA“BA' By’ aAa,’ » '“l"l’)
X - —_

12.14
( ) atél“ axx"l' axlﬁl'

OAprnitiavsy  Ohaynttarsy 0
ax ax A )
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If of, B!, af, Bf #n+1in (12.14) we have

23(" ety _ oty .ot 0T«.».«,a,) O(Turo mp X i)
1 - _
dx® Ix ™ x5 0x,h

(12.15) ©
_a(Tﬂlw s X )

dx

= 0.

The other conditions arising from (12.14) are consequences of (12.15),
(12.13) and of (12.10). For example, if o/ =n+1; a7, B, B #n+1, we have

@ (a(T‘H"’ ,a,ﬂ,lel)) a(Talﬂh‘!:ﬂZX‘(!;))>
m - =0
axlﬁl ax{‘

If af =n+1, of =n+1;6/{, B #n+1, we have

) (a(Tmﬂl-uzﬂzX:ll)X((!;)) a(Tax“ .agﬂg‘Y:ll)X‘(';))
X - =0
6x1w 6x1‘31

The reasoning which we have carried through for the case of the quadratic
functional (12.7) of two-dimensional manifolds is directly extensible to a
functional (12.4) of r-dimensional manifolds. We can therefore embody the
results of this paragraph in the following important theorem.

THEOREM. A mecessary and sufficient condition that the functional (12.6) of
r-dimensional manifolds in n+1 dimensions be an invariant functional attached
to the path curves of the one-parameter group (12.3) is that the functional (12.4)
of r-dimensional manifolds in n dimensions be a special* invariant functional

of the one-parameter group
dxt

dxn+1

(12.16) = gt (1: = 1’2’ ceey ”)

with x™*+1 as the parameter of the group.

As a special case of the above theories we get obviously one of Cartan’st
results which states that a complete integral invariant can always be formed
from an integral invariant in the sense of Poincaré.

* See third footnote in §10.
t Cf. his Legons sur les Invariants Intégraux, pp. 28-29.
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13. Functionals admitting s-parameter groups. In Lie’s theories of
finite continuous groups an s-parameter group of transformations whose in-
finitesimal transformations have the symbols

d
(13.1) Uy = (i)X“(M)é% G=1,2,---,5)
satisfy the identities
(13.2) (U(a)’U(ﬁ))f = Caﬂ'yU(‘y)f (ee,8,vy=1,2, - - SOR

In (13.2), (U@, U®) is the alternant operator of Poisson and c.s, are the
structural constants of the group.

A necessary and sufficient condition that a functional (5.4) of 7-dimensional
manifolds admit* the s-parameter group (13.1) is that it admit each one of
the s independent infinitesimal transformations of the group. Consequently
with the aid of conditions (8.4) we see that the invariance conditions are

[ »
SURY o oe(May -, M)
A=1

13.3
(13.3) S e el (M, -, M) =0

(a;,-w,a.~=1,2,-~-,n;j=1,2,---,s).

In (13.3) the notation [R™+S™]; is used to denote the fact that
(X 3 has been put in the place of X in [RM+S (x)] With this notation
we can write immediately the necessary and sufficient conditions that a
functional (5.4) of r-dimensional manifolds be an invariant functional at-
tachedf to the path curves of each one of the s independent one-parameter
groups defined by the s independent infinitesimal transformations of the
group (13.1). These conditions are

(RS ovs- s oes My, -, My =0,

(134)  [Sar--prorse-osaeeopise e vsase e opiosMay =0y Miy <+, M)];=0
(al’"'J6i=1)27”"n;k7)‘=1a2’"':i;j__-l;z)""s)'
There is one class of s-parameter groups for which we can affirm the

existence of functional invariants corresponding to conditions (13.3) or to
attached functionals corresponding to conditions (13.4). This is the case in

* This follows essentially from the familiar reasoning given in Lie’s theories of invariant
point functions.
t See §9.
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which the structural constants c,g, of the group are all zero* and the number
s of essential parameters is at most equal to the number # of dimensions.
For such abelian groups, it is always possible* to find a codrdinate trans-
formation (x) to (y) such that in the (y) codrdinates the s contravariant
vectors (VX” of the group have the components 8¢ where

8 = 0 if j# w
=1ifj=w (w=1’2""7n;j=1)2)"'73)'

Observing therefore the conditions (13.3) and (13.4) in such a canonical
set of codrdinates (y) we are enabled to state the following two interesting
theorems.

THEOREM 1. There always exist functionals (5.4) of r-dimensional mani-
folds that admit an abelian s-parameter group (s <n) ; and for suck a functional
the components of the multiple tensor Ta, .. .o\, ... ai-..0c; tn the canonical co-
ordinate system (y) are functions of the cogredient differences y,i+'—y,i
G=1,---,s=1;k=1,2,-- -, %) and of the coordinates y;'(l=s+1, - - - , n;
k=1,2,-.-,9).

THEOREM 2. There always exist invariant functionals (5.4) that are at-
tached to the path curves of s independent one-parameter groups of an abelian
s-parameler group (s<n). The differential form T(i)ox of such a functional,
when expressed in the canonical variables (y), depends only on the variables
yi!(l=s+1,s4+2, - - -, n; k=12, - -, 7) and their differentials.

* Such s-parameter groups are called abelian groups. Cf. Bianchi, Lezioni sulla Teoria dei
Gruppi Continui Finiti di Transformazioni, p. 260.
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